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Abstract: 
In this paper, we have introduced the concept of -Ba -finitistic fuzzy bitopological 

spaces and studied some of their basic properties. 
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1.  Introduction and preliminaries 

The order of a family { }:Ul l ŒD  of subsets, not all empty, of some set X  is the 
largest integer n  for which there exists a subsets M  of D  with 1n +  elements such that 

MUl lŒ∩  is non-empty, or is •  if there is no such largest integer. 
Let 0/D π  and { }:Al l= ŒDA  be a family of fuzzy subsets of a non-empty set X .  

Then order of A  is defined as under: 

Case I.  When 0Al π  for atleast one value of l  in D .  Then the order of A  is the 
largest non-negative integer n  for which there exists a subset M  of D  having 1n +  
elements such that 0M Al lŒ π�  or is •  if there is no such largest integer n . 

Case II.  When 0Al =  for all l ŒD .  Then the order of A  is 1- . 
The concept of bitopological space was introduced by Kelly [6].  A bitopological 

space is a triplet ( )1 2, ,X t t  where X  is a non-empty set and 1t , 2t  are two topologies 

on X .  Let ( )1 2, ,X t t  be a bitopological space.  A subfamily { }:Ul l ŒL  of it  is said 

to be it  open cover of ( )1 2, ,X t t  where 1, 2i =  if U Xl lŒL =∪ .  A bitopological space 
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( )1 2, ,X t t  is said to be B -compact if each it  open cover of X  has jt  finite subcover 

where , 1,2i j =  and i jπ .  Let ( )1 2, ,X t t  and ( )3 4, ,Y t t  be two bitopological spaces.  

A function ( ) ( )1 2 3 4: , , , ,f X Yt t t tÆ  is said to be B -continuous if inverse image of 
every 3t  open subset of Y  is 2t  open subset of X  and inverse image of every 4t  open 
subset of Y  is 1t  open subset of X .  A function ( ) ( )1 2 3 4: , , , ,f X Tt t t tÆ  is said to 

be B -homeomorphism if both f  and 1f -  are B -continuous.  A general bitopological 
space ( )1 2, ,X t t  is said to be B -finitistic if each it  open cover of X  has jt  finite 
order open refinement where , 1,2i j =  and i jπ . 

Any function :A X IÆ  where [ ]0,1I =  is called a fuzzy subset of X .  The set of 

all fuzzy subsets of X  is denoted by XI .  A subfamily XId Ã  is said to be a fuzzy 
topology on X  if 

(i) 0, 1 dŒ , 

(ii) { }:U Ul l ll d dŒDŒL Ã fi Œ� , 

(iii) ,U V U Vd dŒ fi Ÿ Œ . 
The pair ( ),X d  is called fuzzy topological space.  For every a IŒ , a  is called “ a ” 

valued constant function from X  to I .  A fuzzy subset A  is called a crisp subset if 
there exists an ordinary subset U  of X  such that UA c= , where { }: 0,1U X Ic Æ Ã  
is the characteristic function of U .  The family of all the crisp subsets contained in d  is 
denoted by ( )crs d  and [ ]d  is defined as [ ] ( ){ }: UU X crsd c d= Ã Œ .  For a fuzzy 

topological space ( ),X d , ( )crs d  is a fuzzy topology on X  and [ ]d  is general topology 

on X .  A fuzzy bitopological space is a triplet ( )1 2, ,X t t , where X  is a non-empty set 

and 1d , 2d  are two fuzzy topologies on X .  Let ( )1 2, ,X d d  be a fuzzy bitopological 

space.  A subfamily { }:Ul l ŒL  of id  is said to be id  open cover of ( )1 2, ,X d d  where 

1, 2i =  if 1Ul lŒL =� .  Let ( ),X d  be a fuzzy topological space.  For every [ )0,1a Œ , 

a subfamily U  of d  is said to be an a -open cover of ( ),X d  if for every x XŒ , there 

exists some U ŒU  such that ( )U x a>  (page no.187 of [7]).  An a -open cover is also 
called a -shading. 

2.  -Ba -finitistic fuzzy bitopological spaces 

Definition 2.1.  A fuzzy bitopological space ( )1 2, ,X d d  is said to be -Ba -finitistic if 

each id  a -open cover of ( )1 2, ,X d d  has jd  finite order a -open refinement where 
i jπ  and , 1,2i j = . 
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Theorem 2.2.  A general bitopological space ( )1 2, ,X t t  is B -finitistic if and only if 

( ) ( )( )1 2, ,X c t c t  is -Ba -finitistic. 

Proof.  Here ( )1 2, ,X t t  is a general bitopological space and ( ) ( )( )1 2, ,X c t c t  is a 

fuzzy bitopological space where ( ) { }1 1:V Vc t c t= Œ  and ( ) { }2 2:V Vc t c t= Œ .  

Suppose ( )1 2, ,X t t  is B -finitistic.  We have to show that ( ) ( )( )1 2, ,X c t c t  is -Ba -

finitistic.  Let { }:Ul
c l= ŒDU  be any ( )ic t  a -open cover of ( ) ( )( )1 2, ,X c t c t .  

We claim that { }: UU
ll c= ŒV U  is a it  open cover of ( )1 2, ,X t t .  Let x XŒ .  Since 

U  is ( )ic t a -open cover of ( ) ( )( )1 2, ,X c t c t , there exists some Ul
c ŒU  such that 

( )U x
l

c a> .  But ( ) ( ) ( )0 1U U Ux x x x U
l l l lc a c c> fi > fi = fi Œ .  This means that 

X Ul lŒD= ∪ .  This shows that V  is it  open cover of ( )1 2, ,X t t .  Since ( )1 2, ,X t t  is 

B -finitistic, therefore V  has a jt  finite order open refinement, say { }1:tW t= ŒDW .  

We shall show that { }:
tW tWc= ŒS W  is a ( )jc t  finite order a -open refinement of 

U .  We first show that S  is ( )jc t a -open cover.  Since W  is jt  open cover of X , 

1t tW XŒD =∪ .  Now, 
1 11

1 1
t X tt t W X t WW X c c c
ŒDŒD ŒD= fi = = fi = fi∪∪ �  

( ) ( )
1

1 1
tt W x xc aŒD = = >� , x X" Œ .  This means that for all x XŒ , there exists 

( )
tW jc c tŒ  such that ( )

tW
xc a> .  Therefore, S  is ( )jc t a -open cover of X .  

Since W  is jt  refinement of V , for every tW ŒW , there exists Ul ŒV  such that 

tW UlŒ .  Clearly, 
tW Ul

c c£ .  Thus for each 
tW

c ŒS , there exists Ul
c ŒU  such that 

tW Ul
c c£ .  Hence S  is ( )jc t a -open refinement of U .  Finally, suppose order of 

n=W  (∵U  is of finite order).  Then 2
1

2 2
1 10 0 0n

i tii ti

n n
i t i WW
W c c+

=

+ +
= =/= fi = fi =∩∩ � .  

This shows that S  is also of finite order.  Thus S  is ( )jc t  finite order a -open 

refinement of U .  Hence ( ) ( )( )1 2, ,X c t c t  is -Ba -finitistic. 

Conversely, let ( ) ( )( )1 2, ,X c t c t  be -Ba -finitistic.  We have to show that 

( )1 2, ,X t t  is B -finitistic.  Let { }:Ul l= ŒDU  be any it  open cover of ( )1 2, ,X t t .  

We show that { }:U U
l lc= ŒV U  is ( )ic t a -open cover of ( ) ( )( )1 2, ,X c t c t .  For 

this, let x XŒ .  Since { }:Ul l= ŒDU  is any it  open cover of ( )1 2, ,X t t , there exists 

some Ub ŒU  such that x UbŒ .  Then ( ) 1U x
b

c a= > .  Hence { }:U U
l lc= ŒV U  is 

( )ic t a -open cover of ( ) ( )( )1 2, ,X c t c t .  Since ( ) ( )( )1 2, ,X c t c t  is -Ba -finitistic, 

therefore V  has ( )jc t  finite order a -open refinement, say { }:
tW
tc= ŒDW .  Then 

clearly { }:
tt WW c= ŒS W  is jt  finite order open refinement of U .  Hence ( )1 2, ,X t t  

is B -finitisitc. 
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Theorem 2.3.  Let ( )1 2, ,X d d  be a fuzzy bitopological space.  Then [ ] [ ]( )1 2, ,X d d  is 

B -finitistic if and only if ( )1 2, ,X crs crsd d  is -Ba -finitistic. 

Proof.  We know that ( )icrs d  ( )1,2i =  is a fuzzy topology on X  and [ ]id  is a 
general topology on X .  Thus the result follows by Theorem 2.2. 

Theorem 2.4.  A general bitopological space ( )1 2, ,X t t  is B -finitistic if and only if 

( )1 2, ,X d d  is -Ba -finitistic, where ( )1 1:U Ud t= Œ  and ( )2 2:U Ud t= Œ .  Here U  
denotes the constant U  function from X  to I . 

Proof.  Suppose ( )1 2, ,X t t  is B -finitistic.  We shall show that ( )1 2, ,X d d  is -Ba -

finitisitc.  For this, let { }:Ul l= ŒDU  be a id a -open cover of ( )1 2, ,X d d .  We first 

show that { }:U Ul l= ŒV U  is it  open cover of ( )1 2, ,X t t . 

Let x XŒ .  Since U  is a id a -open cover of X , there exists some Ul ŒU  such that 

( )U xl a> .  Now, ( ) ( )1 1U x U x U Xl l l l la ŒD ŒD> fi = = fi =∪� . 

This shows that V  is it  open cover of ( )1 2, ,X t t .  Since ( )1 2, ,X t t  is B -finitistic, 

therefore V  has jt  finite order open refinement, say { }:tW t= ŒLW .  We shall show 

that { }:t tW W= ŒS W  is a jd  finite order a -open refinement of U . 

Let x XŒ .  Then ( ) ( )1 1t t t tW X W x xŒL ŒL= fi = =∪ � .  This means that there 

exists some tW ŒS  such that ( )tW x a> .  Also, let tW ŒS .  Then tW ŒW . 

Since W  is a jt  open refinement of V , there exists some Ul ŒV  such that 

tW UlÃ .  But tW UlÃ  implies tW Ul£ .  This shows that S  is jd a -open 
refinement of U . 

Finally, we show that S  is of finite order. 
Let order of n=W .  Let 1S  be any subfamily of S  having 2n +  members.  Then 

( )( ) ( ) ( )
1 1 1

0 0 0
t t tW t W t W tW x W x W xŒ Œ Œ /= = = = =∩S S S� �  implies 

1
0

tW tWŒ =S� .  

This shows that order of S  is not exceeding n .  Hence ( )1 2, ,X d d  is -Ba -finitistic. 

Conversely, suppose ( )1 2, ,X d d  is -Ba -finiitistic.  We have to show that ( )1 2, ,X t t  

is B -finitistic.  Let { }:Ul l= ŒDU  be it  open cover of ( )1 2, ,X t t .  We shall show 

that { }:U Ul l= ŒV U  is id  open cover of ( )1 2, ,X d d .  Since U  is it  open cover of 

X , 1U Xl lŒD = =∪ .  Now, ( ) ( )1 1U U x xl l l lŒD ŒD= fi =∪ ∪ , 

( ) 1x X U xl l aŒD" Œ fi = >� , x X" Œ .  This means that there exits l ŒD  such that 

( )U xl a> . 

Thus V  is id a -open cover of ( )1 2, ,X d d .  Since X  is -Ba -finitistic, V  has a jd  

finite order a -open refinement, say { }1 :tV t= ŒLV .  It can be easily checked that 
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{ }1 1:t tV V= ŒU V  is a jt  finite order open refinement of U .  Hence ( )1 2, ,X t t  is B -

finitistic. 

Theorem 2.5.  Let ( )1 2, ,X d d  be a -Ba -finitistic fuzzy bitopological space and 

( )1 2, ,Y YY d d  be a B -closed subspace of ( )1 2, ,X d d .  Then ( )1 2, ,Y YY d d  is -Ba -

finitistic. 

Proof.  Here ( )1 2, ,X d d  is a -Ba -finitistic fuzzy bitopological space and 

( )1 2, ,Y YY d d  is B -closed subspace of ( )1 2, ,X d d .  We have to show that 

( )1 2, ,Y YY d d  is -Ba -finitistic.  Let { }:Ul l= ŒLU  be any i Yd a -open cover of 

( )1 2, ,Y YY d d .  Then each YU Vl l= , for some iVl dŒ  where 1, 2i = .  We show 

that { } { }: ,Y YV U V Ul l l l c ¢= = " Œ »V U  is id a -open cover of X .  Let x XŒ .  
Then x YŒ  or x YŒ ¢ . 

Case I.  If x YŒ , then there exists some Ul ŒU  such that ( )U xl a> .  Then clearly 

Vl ŒV  such that ( ) ( )V x U xl l a= > , where YU Vl l=  and { : ,YV V U Vl l l lŒ =  

}Ul" ŒU .  Thus ( )V xl a> . 

Case II.  If x YŒ ¢ , then Yc ¢ ŒV  such that ( ) 1Y xc a¢ = > . 

Hence { } { }: ,Y YV U V Ul l l l c ¢= = " Œ »V U  is id a -open cover of ( )1 2, ,X d d  in 
both the cases. 

Since ( )1 2, ,X d d  is -Ba -finitistic, therefore V  has jd  finite order a -open 

refinement, say { }1 :Wa a= ŒDV .  Then clearly { }1 1:YW Wa a= ŒU V  is j Yd  finite 

order a -open refinement of U .  Hence ( )1 2, ,Y YY d d  is -Ba -finitistic. 

Theorem 2.6.  Let ( )1 2, ,X t t  be a general bitopological space and Y XÃ .  Then 

( )1 2, ,Y YY t t  is B -finitistic if and only if ( ) ( )( )1 2, ,Y YY c t c t  is -Ba -finitistic. 

Proof.  We know that ( ) { }:i Y U i YUc t c t= Œ .  Thus by Theorem 2.2 

( )1 2, ,Y YY t t  is B -finitistic if and only if ( ) ( )( )1 2, ,Y YY c t c t  is -Ba -finitistic. 

Remark 2.7.  An arbitrary subspace of -Ba -finitistic fuzzy bitopological space need 
not be -Ba -finitistic. 

We know that in general topology an arbitrary subspace of a finitistic space need not 
be finitistic [4].  Let ( )1 2, ,X t t  be a B -finitistic general bitopological space.  Let 

( )1 2, ,Y YY t t  be a subspace of ( )1 2, ,X t t  which is not B -finitistic.  Since ( )1 2, ,X t t  

is B -finitistic, by Theorem 2.2 ( ) ( )( )1 2, ,Y YX c t c t  is -Ba -finitistic.  Also, by 



6 Shakeel Ahmed and Rohini Jamwal  

Theorem 2.2, ( )1 2, ,Y YY t t  is not B -finitistic implies ( ) ( )( )1 2, ,Y YY c t c t  is not 
-Ba -finitistic. 

Example 2.8.  Let X  be a non-empty set and [ )0,1aŒ .  Let {1 2 a Ad d d= = = Œ  

} { }: 1XI A a£ » .  Then ( )1 2, ,X d d  is -Ba -finitistic fuzzy bitopological space.  For, 

clearly ( )1 2, ,X d d  is fuzzy bitopological space.  Let U  be any id a -open cover of 

( )1 2, ,X d d .  Then clearly, 1 ŒU  (because no subfamily of id  can be a id a -open cover 

of ( )1 2, ,X d d  unless 1 ŒU ).  Now clearly, { }0, 1=V  is a zero order jd  a -open 

refinement of U .  Hence ( )1 2, ,X d d  is -Ba -finitistic. 

Theorem 2.9.  Every -Ba -compact fuzzy bitopological space is -Ba -finitistic. 

Proof.  Let ( )1 2, ,X d d  be a -Ba -compact fuzzy bitopological space.  We have to 

show that it is -Ba -finitistic.  Let { }:Ul l= ŒLU  be any id a -open cover of X .  

Since ( )1 2, ,X d d  is -Ba -compact, therefore U  has a jd  finite a -subcover say 

{ }1 2 3, , , , nU U U U" .  Then { }1 2 30, , , , , nU U U U= "V  is clearly jd  finite order a -open 

refinement of U .  Hence ( )1 2, ,X d d  is -Ba -finitistic. 

Definition 2.10.  A fuzzy bitopolgoical space ( )1 2, ,X d d  is said to be -Ba -
paracompact if each id a -open cover of X  has a jd  locally finite a -open refinement. 

Theorem 2.11.  Every finite dimensional -Ba -paracompact fuzzy bitopological 
space is -Ba -finitistic. 

Proof.  Let ( )1 2, ,X d d  be a -Ba -paracompact fuzzy bitopological space.  We have to 

show that it is -Ba -finitistic.  Let { }:Ul l= ŒLU  be any id a -open cover of X .  

Since ( )1 2, ,X d d  is -Ba -paracompact, therefore U  has a jd  locally finite a -subcover, 
say V .  Also since dimX < •  and V  is locally finite, it follows that V  and hence U  
has a jd  finite order a -open refinement.  Hence ( )1 2, ,X d d  is -Ba -finitistic. 

Remark 2.12.  Converse of above Theorem 2.9 is not true. 
Consider the following example: 

Example.  Let X  be an infinite set.  Let { }1 :U U Xd c= Ã  and 2 1d d= .  Then 

clearly, ( )1 2, ,X d d  is -Ba -finitistic space.  This is because { }{ }:x x Xc= ŒV  is 

clearly jd  finite order a -open refinement of every id a -open cover of X .  But 

( )1 2, ,X d d  is not -Ba -compact because { }{ }:x x Xc= ŒV  is a id a -open cover of 

( )1 2, ,X d d  which has no id  finite a -subcover. 
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Theorem 2.13.  If ( )1 2, ,X d d  is a -Ba -finitistic fuzzy bitopological space, then both 

( )1,X d  and ( )2,X d  are a -finitistic. 

Proof.  Suppose ( )1 2, ,X d d  is an -Ba -finitistic fuzzy bitopological space.  We have 

to show that both ( )1,X d  and ( )2,X d  are a -finitistic spaces.  Let { }:Ul l= ŒLU  be 

any a -open cover of ( )1,X d .  Then clearly { }:Ul l= ŒLU  is 1d  a -open cover of 

( )1 2, ,X d d .  Since ( )1 2, ,X d d  is -Ba -finitistic fuzzy bitopological space, therefore U  
has a 2d  finite order a -open refinement, say V .  Again since V  is 2d a -open cover of 

( )1 2, ,X d d  and ( )1 2, ,X d d  is -Ba -finitistic, therefore V  has a 1d  finite order a -open 
refinement, say 1U .  Then clearly 1U  is a finite order a -open refinement of U .  Hence 

( )1,X d  is a -finitistic.  Similarly we can show that ( )2,X d  is a -finitistic. 

Remark 2.14.  Converse of above theorem is not true. 
See the following example: 

Example.  Let { },X a b=  be a set having two elements.  Let { }1 0, 1d =  and 

{ } { }{ }2 0, , , 1a bd c c= .  Then clearly both ( )1,X d  and ( )2,X d  are a -finitistic fuzzy 

topological spaces.  But ( )1 2, ,X d d  is not -Ba -finitistic because { } { }{ },a bc c  is 2d  a -

open cover of ( )1 2, ,X d d  which has no 1d  finite order a -open refinement. 

Definition 2.15.  A fuzzy bitopological space ( )1 2, ,X d d  is said to be a -finitistic if 
each id a -open cover of X  has a id  finite order a -open refinement. 

Theorem 2.16.  Let ( )1 2, ,X d d  be a fuzzy bitopological space, where X  is a finite set.  

Then ( )1 2, ,X d d  is a -finitistic. 

Proof.  Let ( )1 2, ,X d d  be any fuzzy bitopological space.  Let { }:Ul l= ŒDU  be a 

id a -open cover of ( )1 2, ,X d d .  Since X  is finite, we can write, { }1 2, , , kX n n n= " .  

Since U  is id a -open cover of ( )1 2, ,X d d , there exists some 
i

Ul ŒU  such that 

( )
i iU nl a> , 1, 2, ,i k" = " .  Then clearly, { }1 2

0, , , ,
n

U U Ul l l= "V  is id  finite order 

a -open refinement of U .  Hence ( )1 2, ,X d d  is a -finitistic. 

Remark 2.17.  If X  is finite, then ( )1 2, ,X d d  need not be -Ba -finitistic. 

Example. Let { },X a b= .  Let { }1 0, 1d =  and { } { }{ }2 0, , , 1
a b

d c c= .  Then ( )1 2, ,X d d  is 

not -Ba -finitisitc.  This is because { } { }{ },
a b

c c  is 2d a -open cover of ( )1 2, ,X d d  which 

has no 1d  finite order a -open refinement. 
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Remark 2.18.  An a -finitistic fuzzy bitopological space need not be -Ba -finitistic. 
Consider the following example: 

Example.  Let { },X a b=  be a set having two elements.  Let { }1 0, 1d =  and 

{ } { }{ }2 0, , , 1
a b

d c c= .  Then clearly ( )1 2, ,X d d  is a fuzzy bitopological space.  It is clear 

that every 1d  (or 2d ) open cover of ( )1 2, ,X d d  has 1d  (or 2d ) finite order open 

refinement.  Hence ( )1 2, ,X d d  is a -finitistic.  But ( )1 2, ,X d d  is not -Ba -finitistic 

because { } { }{ },
a b

c c  is 2d a -open cover of ( )1 2, ,X d d  which has no 1d  finite order a -

open refinement. 

Remark 2.19.  An -Ba -finitistic fuzzy bitopological space need not be a -finitistic. 

Definition 2.20.  A fuzzy bitopological space ( )1 2, ,X d d  is said to be B -finitistic if 
each id  open cover of X  has a jd  finite order open refinement. 

Remark 2.21.  An -Ba -finitistic fuzzy bitopological space need not be B -finitistic. 
Consider the following example: 

Example.  Let X  be an infinite set.  Let { }1 :U U Xd c= Ã  and 2 1d d= .  Then 

clearly, ( )1 2, ,X d d  is a fuzzy bitopological space.  Since { }{ }:
x
x Xc= ŒV  is id  finite 

order a -open refinement of every id a -open cover of X , it follows that ( )1 2, ,X d d  is 

-Ba -finitistic space.  But ( )1 2, ,X d d  is not B -finitistic because the id  open cover 

{ }{ }:
x
x Xc= ŒV  of ( )1 2, ,X d d  which has no jd  finite order open refinement. 

Theorem 2.22.  Let ( )1 2, ,X d d  be an -Ba -finitistic fuzzy bitopological space where 
either of 1d  or 2d  is discrete fuzzy topology on X .  Then 1 2d d= . 

Proof.  Proof is easy and hence is omitted. 

Definition 2.23.  Let ( )1 2, ,X t t  and ( )3 4, ,Y t t  be two bitopological spaces.  A 

function ( ) ( )1 2 3 4: , , , ,f X Yt t t tÆ  is said to be -Ba -continuous if inverse image of 
every 3t a -open subset of Y  is 2t a -open subset of X  and inverse image of every 

4t a -open subset of Y  is 1t a -open subset of X . 

Definition 2.24.  Let ( )1 2, ,X t t  an ( )3 4, ,Y t t  be two bitopological spaces.  A 

function ( ) ( )1 2 3 4: , , , ,f X Yt t t tÆ  is said to be -Ba -homeomorphism if both f  and 
1f -  are -Ba -continuous. 
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Remark 2.25.  An -Ba -continuous image of -Ba -finitistic fuzzy bitopological 
space need not be -Ba -finitistic. 

Consider the following example: 

Example.  Let { },X a b=  be a set having two elements.  Let { } { }{ }1 0, , , 1
a b

d c c=  

and { }2 0, 1d = .  Then clearly both 1d  and 2d  are fuzzy topologies on X .  Then 

( )1 2, ,X d d  and ( )1 2, ,X d d  are fuzzy bitopological spaces.  Here ( )1 2, ,X d d  is -Ba -

finitistic but ( )1 2, ,X d d  is not -Ba -finitistic because { } { }{ },
a b

c c  is 1d a -open cover of 

X  which has no 2d  finite order a -open refinement.  Let :I X XÆ  be the identity 
function.  Then ( ) ( )1 2 1 2: , , , ,I X Xd d d dÆ  is -Ba -continuous.  It means ( )1 2, ,X d d  is 

-Ba -continuous image of ( )1 2, ,X d d .  Hence ( )1 2, ,X d d  is -Ba -finitistic but 

( )1 2, ,X d d  is not -Ba -finitistic. 

Remark 2.26.  -Ba -continuous inverse image of -Ba -finitistic fuzzy bitopological 
space need not be -Ba -finitistic. 

See the following example. 

Example.  Let { },X a b= , { }{ }1 0, , 1
a

d c=  and { } { }{ }2 0, , , 1
a b

d c c= .  Then 

( )1 2, ,X d d  is a fuzzy bitopological space.  But it is not -Ba -finitistic.  Let { },Y x y= , 

{ }{ }3 0, , 1
x

d c=  and { }{ }4 0, , 1
y

d c= .  Then ( )3 4, ,Y d d  is a fuzzy bitopological space 

and it is -Ba -finitistic.  Define :f X YÆ  as ( )f a x=  and ( )f b y= .  Then clearly 

( ) ( )1 2 3 4: , , , ,f X Yd d d dÆ  is -Ba -continuous.  Here ( )3 4, ,Y d d  is -Ba -finitistic but 

( )1 2, ,X d d  which is -Ba -continuous inverse image of ( )3 4, ,Y d d  is not -Ba -finitistic. 

Theorem 2.27.  -Ba -Homeomorphic image of -Ba -finitistic fuzzy bitopological 
space is -Ba -finitistic. 

Proof.  Let ( ) ( )1 2 3 4: , , , ,f X Yd d d dÆ  be an -Ba -homeomorphism.  Suppose that 

( )1 2, ,X d d  is -Ba -finitistic fuzzy bitopological space.  We have to show that 

( )3 4, ,Y d d  is -Ba -finitistic.  Let { }:Ul l= ŒLU  be any 3d a -open cover of Y .  

Since ( ) ( )1 2 3 4: , , , ,f X Td d d dÆ  is -Ba -continuous, therefore each U fl  is 2d  a -

open subset of X .  We shall show that { }:U f Ul l= ŒV U  is 2d a -open cover of X .  

For this let x XŒ .  Then ( )f x YŒ .  Since U  is 3d a -open cover of Y , there exists 

Ul ŒU  such that ( )( )U f xl a> .  But ( )( ) ( )( )U f x U f xl la a> fi > .  This shows 

that V  is 2d a -open cover of X .  Since ( )1 2, ,X d d  is -Ba -finitistic fuzzy 
bitopological space, therefore V  has 1d  finite order a -open refinement say 1V .  We 

now claim that { }1
1 1:Wf W-= ŒU V  is a 4d  finite order a -open refinement of U .  
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Since ( ) ( )1
3 4 1 2: , , , ,f Y Xd d d d- Æ  is -Ba -continuous, therefore, 1Wf -  is 4d  fuzzy 

open subset of ( )3 4, ,Y d d .  Also, let y YŒ .  Then there exists x XŒ  such that 

( )y f x= .  Since f  is bijective, therefore ( )y f x=  implies ( )1x f y-= . 

Since x XŒ  and 1V  is a 1d a -open cover of ( )1 2, ,X d d , there exists some 1W ŒV  

such that ( )W x a> .  But ( ) ( )( ) ( )( )1 1W x W f y Wf ya a a- -> fi > fi > . 

This implies that 1U  is 4d  a -open cover of ( )3 4, ,Y d d . 
We now show that 1U  refines U . 

Let 1
1Wf - ŒU .  Then 1W ŒV .  Since 1V  refines V , there exists some Ul ŒV  such 

that W Ul£ .  But W Ul£  implies 1 1Wf U fl
- -£ .  This implies that 1U  refines U .  

Since 1U  is of finite order, it is easy to check that order of 1U  is also finite.  This proves 

that { }1
1 1:Wf W-= ŒU V  is a 4d  finite order a -open refinement of U . 

Similarly we can show that each 4d  a -open cover of Y  has a 3d  finite order a -
open refinement.  Hence ( )3 4, ,Y d d  is -Ba -finitistic. 

Definition 2.28.  A fuzzy topological space ( ),X d  is said to be weakly induced if for 

all U dŒ  and a IŒ , ( ) [ ]a
U dŒ . 

Definition 2.29.  A fuzzy bitopological space ( )1 2, ,X d d  is said to be weakly induced 

if both the fuzzy topological spaces ( )1,X d  and ( )2,X d  are weakly induced. 

Theorem 2.30.  Let ( )1 2, ,X d d  be a weakly induced fuzzy bitopological space.  Then 

( )1 2, ,X d d  is -Ba -finitistic if and only if [ ] [ ]( )1 2, ,X d d  is B -finitistic. 

Proof.  Suppose ( )1 2, ,X d d  is a -Ba -finitistic weakly induced fuzzy bitopological 

pace.  We have to show that [ ] [ ]( )1 2, ,X d d  is B -finitistic.  Let { }:Ul l= ŒLU  be any 

[ ]id  open cover of [ ] [ ]( )1 2, ,X d d .  We show that { }:U U
l lc= ŒV U  is a id a -open 

cover of ( )1 2, ,X d d .  By defineition of [ ]id , each U il
c dŒ , for each [ ]iUl dŒ .  Let 

x XŒ .  Since { }:Ul l= ŒLU  is a [ ]id  open cover of [ ] [ ]( )1 2, ,X d d , there exists 

some Ul ŒU  such that x UlŒ .  But ( ) ( )1U Ux U x x
l ll c a c aŒ fi = > fi > .  This 

implies that { }:U U
l lc= ŒV U  is a id a -open cover of ( )1 2, ,X d d .  Since ( )1 2, ,X d d  

is -Ba -finitistic, therefore V  has a jd  finite order a -open refinement say 

{ }1 :tW t= ŒDV .  We show that ( )( ){ }1 10
:t tW W= ŒU V  is a jdÈ ˘Î ˚  finite order open 

refinement of U .  Since ( )1 2, ,X d d  is weakly induced, therefore each ( )( )0t jW dÈ ˘ŒÎ ˚ .  

Let x XŒ .  Suppose ( )( )0tx Wœ , for all ( )( ) 10tW ŒU .  Then ( ) 0tW x =  for all 1tW ŒV .  
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But ( ) 0tW x =  for all { }1 :t tW W tŒ fi ŒDV  is not a jd a -open cover ( )1 2, ,X d d .  

This is a contradiction.  Hence ( )( )0tx WŒ  for some ( )( ) 10tW ŒU .  It means 

( )( ){ }1 10
:t tW W= ŒU V  is a jdÈ ˘Î ˚  open cover of [ ] [ ]( )1 2, ,X d d .  Let ( )( ) 10tW ŒU .  Let 

( )( )0tx WŒ .  Then ( ) 0tW x > .  Since 1V  is a refinement of V , there exists some Ul
c  

ŒV  such that t UW
l

c< .  But ( ) 0tW x >  and ( ) 1t U UW x x U
l l lc c< fi = fi Œ fi  

( )( )0tW UlÃ .  This implies that 1U  is refinement of U .  Now we show that order of 1U  

is finite.  Here order of 1V  is finite.  Let order of 1 n=V .  Let ( )( ){ ( )( ) ( )( )1 2 30 0 0
, , , ,W W W "  

( )( )}2 0nW +  be any subfamily of 1U  having 2n +  elements.  We show that ( )( )
2

1 0
n
i iW
+
=∩  

0/π .  Let ( )( )
2

1 0
0n

i iW
+
= /π∩ .  Then there exists some ( )( )

2
1 0

n
i ix W+
=Œ∩ .  But ( )( )

2
1 0

n
i ix W+
=Œ∩  

( )( )0ix Wfi Œ  for all ( )1, 2,3, , 2 0ii n W x= + fi >"  for all 1,2,3, , 2i n= + fi"   

( )( )2
1

n
i iW x+
= >� ( )( )2

10 0n
i iW x+
=fi π� .  This implies that order of 1V  is exceeding n .  

This is a contradiction.  Hence order of 1U  is not exceeding n .  It means order of 1U  is 

finite.  This proves that 1U  is a jdÈ ˘Î ˚  finite order open refinement of U .  Hence 

[ ] [ ]( )1 2, ,X d d  is B -finitistic. 

Conversely, suppose [ ] [ ]( )1 2, ,X d d  is B -finitistic.  We have to show that ( )1 2, ,X d d  

is -Ba -finitistic.  Let { }:Ul l= ŒDU  be a id a -open cover of ( )1 2, ,X d d .  We shall 

show that ( )( ){ }:U Ul la= ŒV U  is id  open cover of [ ] [ ]( )1 2, ,X d d .  Since U  is id a -

open cover of ( )1 2, ,X d d , for every x XŒ , there exists Ul ŒU  such that ( )U xl a> .  

Now, ( ) ( )( )U x x Ul l aa> fi Œ .  Thus for every x XŒ , there exists ( )( )Ul a ŒV  such 

that ( )( )x Ul aŒ .  Hence V  is id  open cover of [ ] [ ]( )1 2, ,X d d .  Since [ ] [ ]( )1 2, ,X d d  is 

B -finitistic, V  has a jd  finite order open refinement, say { }1 1:Vb b= ŒDV .  Let Vl¢  

be the union of all those members of 1V  which are subsets of ( )( )Ul a .  Then clearly, 

{ }1 1:Vl l= ŒD¢ ¢V  is a jd  open refinement of V  and order of 1¢V  is finite.  Let 

{ }1 1:V V
l lc ¢= Œ¢ ¢U V .  We show that 1U  is jd a -open cover of ( )1 2, ,X d d .  For this, let 

x XŒ .  Since 1¢V  is a jd  open cover of [ ] [ ]( )1 2, ,X d d , there exists 1Vl Œ¢ ¢V  such that 

x VlŒ ¢ .  But ( )( ) ( )x V x U U xl l la aŒ fi Œ fi >¢ .  Also, 1Vx V
ll c ¢Œ fi =¢ .  Therefore, 

( )( ) ( ) ( ) 1V Vx x U x
l l lc c a a¢ ¢= Ÿ > Ÿ = .  This shows that 1U  is jd a -open cover of 

( )1 2, ,X d d .  Clearly, 1U  is a -open refinement of U .  Since 1¢V  is of finite order, we 
can assume that order of 1 n=¢V  (say).  Then it is easy to show that order of 1U  is not 
exceeding n .  Hence ( )1 2, ,X d d  is -Ba -finitistic. 
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Theorem 2.31.  Let ( )1 2, ,X t t  be a general bitopological space.  Then ( )1 2, ,X t t  is 

B -finitistic if and only if ( ) ( )( )1 2, ,X w t w t  is -Ba -finitistic, where w  is the Lowen 

functor. 

Proof.  We know that ( ) ( )( )1 2, ,X w t w t  is weakly induced fuzzy bitopological space 

and ( )i iw t tÈ ˘ =Î ˚ , for 1, 2i = .  By above Theorem 2.30, ( )1 2, ,X t t  is B -finitistic if and 

only if ( ) ( )( )1 2, ,X w t w t  is B -finitistic. 

Theorem 2.32.  A fuzzy bitopological space ( )1 2, ,X d d  is -Ba -finitistic if and only if 

( ) ( )( )1 2, ,X a ai d i d  is B -finitistic. 

Proof.  We know that ( ) ( ){ }:i iU Ua ai d d= Œ , for 1, 2i = . 

Suppose ( )1 2, ,X d d  is -Ba -finitistic.  We shall show that ( ) ( )( )1 2, ,X a ai d i d  is B -

finitistic.  For this, let { }:Ul l= ŒDU  be any id  open cover of ( ) ( )( )1 2, ,X a ai d i d .  

Then for each Ul ŒU , there exists iVl dŒ  such that ( )( )U Vl l a= .  We shall show that 

( ){ }:V U Vl l l a= = ŒV U  is a id a -open cover of ( )1 2, ,X d d .  For this, let x XŒ .  

Since U  is id  open cover of ( ) ( )( )1 2, ,X a ai d i d , there exists Ul ŒU  such that x UlŒ .  

Now, ( )( ) ( )x U x V V xl l la aŒ fi Œ fi > .  Thus for x XŒ , there exists Vl ŒV  such 

that ( )V xl a> .  Hence V  is id a -open cover of X .  Since ( )1 2, ,X d d  is -Ba -

finitistic, V  has jd  finite order a -open refinement, say { }1 1:Wb b= ŒDV .  Then 

clearly, ( )( ){ }1 1:W Wb ba
= ŒU V  is jd  finite order open refinement of U .  Hence 

( ) ( )( )1 2, ,X a ai d i d  is B -finitistic. 

Conversely, suppose ( ) ( )( )1 2, ,X a ai d i d  is B -finitistic.  We have to show that 

( )1 2, ,X d d  is -Ba -finitistic.  Let { }:Ul l= ŒDU  be any id a -open cover of 

( )1 2, ,X d d .  It is easy to show that ( )( ){ }:U Ul la= ŒV U  is a id  open cover of 

( ) ( )( )1 2, ,X a ai d i d .  Since ( ) ( )( )1 2, ,X a ai d i d  is B -finitistic, V  has a jd  finite order 

open refinement, say ( )( ){ }1 1:Wb a
b= ŒDV .  Then clearly, ( )( ){ }1 1:W Wb b a

= ŒU V  is 

a jd  finite order a -open refinement of U .  Hence ( )1 2, ,X d d  is -Ba -finitistic. 

Theorem 2.33.  Let ( )1 1, ,X d m  and ( )2 2, ,Y d m  be two -Ba -finitistic bitopological 

spaces.  Then ( )1 2 1 2, ,X Y d d m m» ≈ ≈  is -Ba -finitistic. 
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Proof.  Suppose ( )1 1, ,X d m  and ( )2 2, ,Y d m  are two -Ba -finitistic bitopological 

spaces.  We have tow show that ( )1 2 1 2, ,X Y d d m m» ≈ ≈  is -Ba -finitistic.  For this, let 

{ }:Ul l= ŒDU  be a 1 2d d≈  a -open cover of ( )1 2 1 2, ,X Y d d m m» ≈ ≈ .  Then 

clearly, { }:X XU Ul l= ŒU U  and { }:Y YU Ul l= ŒU U  are 1d  and 2d  a -open 

covers of ( )1 1, ,X d m  and ( )2 2, ,Y d m , respectively.  Since both ( )1 1, ,X d m  and 

( )2 2, ,Y d m  are -Ba -finiitistic, therefore, XU  and YU  have 1m  and 2m  finite order 
a -open refinements, say XV  and YV , respectively.  Define b bR V=  on & 0bX R ¢ =  on 
Y  and t tS W=  on & 0tY S ¢ =  on X , where b XV ŒV  and t YW ŒV . 

Then clearly, the family of all bR ’s and tS ’s defined above is a 1 2m m≈  finite order 
a -open refinement of U .  Hence ( )1 2 1 2, ,X Y d d m m» ≈ ≈  is -Ba -finitiistic. 

Theorem 2.34.  Let ( ){ }, , :t t tX t Td m Œ  be a family of fuzzy bitopological spaces 

such that ( ), ,t T t t T tX d mŒ Œ≈ ≈  is -Ba -finitistic, where t T tX XŒ= ∪ .  Then ( ), ,t t tX d m  
is -Ba -finitisitc, t T" Œ . 

Proof.  Here, t T tX XŒ= ∪ , where tX ’s are disjoint.  Suppose ( ), ,t T t t T tX d mŒ Œ≈ ≈  is 

-Ba -finitistic.  Let { }:t Ul l= ŒDU  be any t T td aŒ≈ -open cover of ( ),t tX d . 
For all, tUl ŒU , we define R Ul l=  on tX  and 1Rl =  on tX X- .  Then clearly 

U , the family of all Rl ’s is td a -open cover of ( ), ,t T t t T tX d mŒ Œ≈ ≈ .  Since 

( ), ,t T t t T tX d mŒ Œ≈ ≈  is -Ba -finitistic, therefore, U  has a t T tmŒ≈  finite order a -open 

refinement, say { }1:Vb b= ŒDV .  Then clearly, { }:
tt XV Vb b= ŒV V  is tm  finite 

order a -open refinement of tU .  Hence ( ), ,t t tX d m  is -Ba -finitistic, t T" Œ . 

Theorem 2.35.  The sum space ( )1 2 1 2, ,X Y d d m m» ≈ ≈  is -Ba -finitistic if and only 

if ( )1 1, ,X d m  and ( )2 2, ,Y d m  are -Ba -finitistic. 

Proof.  It follows from Theorem 2.33 and 2.34. 

Theorem 2.36.  A fuzzy bitopological space ( )1 2, ,X d d  is -Ba -finitistic if and only if 

each id  basic a -open cover of ( )1 2, ,X d d  has a jd  finite order a -open refinement. 

Proof.  First suppose that each id  basic a -open cover of ( )1 2, ,X d d  has a jd  finite 

order a -open refinement.  We shall show that ( )1 2, ,X d d  is -Ba -finitistic.  For this, let 

U  be any id a -open cover of ( )1 2, ,X d d .  For each Ul ŒU , let tA  be the family of all 

the basic a -open subsets of ( )1 2, ,X d d  whose join is Ul .  Let V  be the union of all 

these families lA ’s.  then clearly, V  is a basic a -open cover of ( )1 2, ,X d d .  By the 
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given condition, V  has a jd  finite order a -open refinement, say 1V .  Then clearly, 1V  

is a id  finite order a -open refinement of U .  Hence ( )1 2, ,X d d  is -Ba -finitistic. 
Converse is trivial. 
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