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1. Introduction and preliminaries

The order of a family {U, : 1€ A} of subsets, not all empty, of some set X is the

largest integer n for which there exists a subsets M of A with n+1 elements such that
N, U, isnon-empty, or is o if there is no such largest integer.

Let A#0 and A = {Al ‘Ae A} be a family of fuzzy subsets of a non-empty set X .
Then order of A is defined as under:

Case I. When A, # 0 for atleast one value of 4 in A. Then the order of A is the
largest non-negative integer n for which there exists a subset M of A having n+1
elements such that /\,_,, A, #0 oris  if there is no such largest integer n .

Case Il. When A, =0 forall A€ A. Then the order of A is —1.

The concept of bitopological space was introduced by Kelly [6]. A bitopological
space is a triplet (X,z'l,rz) where X is a non-empty set and z,, 7, are two topologies

on X . Let (X,7,,7,) be abitopological space. A subfamily {U,:1e A} of 7, is said
to be 7, open cover of (X,7,,7,) where i =12 if U,.,,U, = X . A bitopological space
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(X,7,,7,) is said to be B -compact if each 7, open cover of X has z; finite subcover
where i,j=12 and i# j. Let(X,7,7,) and (Y,7,,7,) be two bitopological spaces.
A function f:(X,7,,7,)—>(Y,7;,7,) is said to be B -continuous if inverse image of
every 7, open subset of Y is 7z, open subset of X and inverse image of every 7, open
subset of Y is 7, open subset of X . A function f:(X,7,7,) = (T,7,,7,) is said to
be B -homeomorphism if both f and f™ are B -continuous. A general bitopological
space (X,7,,7,) is said to be B -finitistic if each z, open cover of X has 7, finite
order open refinement where 4,7=12 and i # j .

Any function A: X — I where I =[0,1] is called a fuzzy subset of X . The set of

all fuzzy subsets of X is denoted by I*. A subfamily & c I is said to be a fuzzy
topology on X if
() 01led,
(i) {U,:2eAlcd=\/,,U, €6,
(i) U,Ved=>UAVED.
The pair (X,8) is called fuzzy topological space. For every ael, a is called “a

valued constant function from X to I. A fuzzy subset A is called a crisp subset if
there exists an ordinary subset U of X such that A=y, , where g, : X > {0,1}cI

is the characteristic function of U . The family of all the crisp subsets contained in ¢ is
denoted by crs(8) and [5] is defined as [§]={U c X : g, ecrs(6)}. For a fuzzy

topological space (X,8), crs(8) is a fuzzy topology on X and [&] is general topology
on X . A fuzzy bitopological space is a triplet (X,rl,rz) , Where X is a non-empty set
and &, &, are two fuzzy topologies on X . Let (X,6,,6,) be a fuzzy bitopological
space. A subfamily {U, : 1€ A} of &, is said to be &, open cover of (X,6,,5,) where
i=12if \/,,,U, =1. Let (X,5) be a fuzzy topological space. For every a€[0,1),
a subfamily ¢/ of & is said to be an o -open cover of (X&) if for every z e X, there
exists some U € U such that U (z) >« (page no.187 of [7]). An « -open cover is also
called « -shading.

2. «-B -finitistic fuzzy bitopological spaces

Definition 2.1. A fuzzy bitopological space (X,d;,d,) is said to be o-B -finitistic if
each &, o -open cover of (X,d,,8,) has 6, finite order « -open refinement where
i#jand i,j=12.
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Theorem 2.2. A general bitopological space (X,rl,rz) is B -finitistic if and only if
(X, 7(7,). 7(7,)) is a-B finitistic.

Proof. Here (X,7,,7,) is a general bitopological space and (X, z(z,), #(7,)) is a
fuzzy bitopological space where y(z,)={x,:Ver} and y(z,)={x Ver,}.
Suppose (X,7,,7,) is B -finitistic. We have to show that (X, ¥ (7,), ¥ (7,)) is a-B -
finitistic. Let u:{;&u :xleA} be any y(z,) «-open cover of (X, 7 (7). 7(7,)).-
We claim that V ={U,1 X, € u} isa 7, open cover of (X,7;,7,). Let ze X. Since
U is y(z,)a-open cover of (X, 7(z,), x(7,)). there exists some y, i such that
v, (x)>a. But g, (z)>a= y, (r)>0= g, (r)=1=xeU,. This means that
X =U,.,U,. This shows that V is z, open cover of (X,7,,7,). Since (X,7,7,) is
B finitistic, therefore 1 has a 7, finite order open refinement, say W ={W, :te A,}.
We shall show that S = {Zwa ‘W, e W} is a ;{(rj) finite order « -open refinement of
U . We first show that S is ;((rj)a -open cover. Since W is z; open cover of X,
UteAlmft =X . Now, U\ W, :X:ZUMIW& =Xx =12V Xw =1=
Viea, Zw, () =1(z)=1>a , Vze X . This means that for all ze X, there exists
Zw, € 2(7;) such that , (z)>a . Therefore, S is y(z;)a -open cover of X .

Since W is 7, refinement of V', for every W, e W, there exists U, € V such that
W,eU,. Clearly, xy <y, . Thus foreach y, €&, there exists y,, €U such that

Xw < Xy, - Hence S is ;((rj)a -open refinement of ¢/ . Finally, suppose order of
W=n (--U is of finite order). Then m’;:th =0= Yy, =0= N2 Xw, =0.
This shows that S is also of finite order. Thus S is ;((rj) finite order o -open
refinement of 2/ . Hence (X, 7(7,), 7(z,)) is a-B -finitistic.

Conversely, let (X, (7). 7(7,)) be a-B -finitistic. We have to show that
(X,7,,7,) is B finitistic. Let 4 ={U,:4e A} be any 7, open cover of (X,7,,7,).
We show that V={y, U, eU} is y(z,)a -open cover of (X, z(7,), x(,)). For
this, let z € X . Since & ={U,: A€ A} isany z, open cover of (X,7,,7,), there exists
some U, € U such that xeU,. Then g, (z)=1>a. Hence V={y, :U,cu} is
x(z.)a -open cover of (X, z(7,), x(z,)). Since (X, 7(7,), 7(7,)) is a-B finitistic,
therefore V' has ;((rj) finite order o -open refinement, say W = {ZW te A}. Then

clearly S ={m “Xw, € W} is 7, finite order open refinement of ¢/ . Hence (X,7,,7,)
is B -finitisitc.
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Theorem 2.3. Let (X,6,,5,) be a fuzzy bitopological space. Then (X,[4,],[6,]) is
B -finitistic if and only if (X,crs51,cr$52) is o-B -finitistic.

Proof. We know that crs(,) (i=12) is a fuzzy topology on X and [,] is a
general topology on X . Thus the result follows by Theorem 2.2.

Theorem 2.4. A general bitopological space (X,rl,rz) is B -finitistic if and only if
(X,6,,6,) is a-B finitistic, where 6, =(U:Uer,) and 8,=(U:Uez,). Here U
denotes the constant U function from X to .

Proof. Suppose (X,7;,7,) is B -finitistic. We shall show that (X,6,,6,) is &-B -
finitisitc. For this, let U/ = {ﬂ:/‘t € A} be a &,a -open cover of (X,6,,8,). We first
show that V :{Ul U, € L{} is 7, open cover of (X,7,,7,).

Let z e X . Since U isa 6« -open cover of X, there exists some U, € U such that
U,(z)>a. Now, U, (z)>a=\/,, U, =1=1(z) = U, U, = X .

This shows that V is 7, open cover of (X,7,,7,). Since (X,7,,7,) is B -finitistic,
therefore )V has z; finite order open refinement, say W = {m ‘te A}. We shall show
that S = {%Wt € W} isa o, finite order « -open refinement of U/ .

Let ze X . Then U, W, =X =\, W (r)=1(z)=1. This means that there
exists some W, € S such that W, (z) > e . Also, let W, eS. Then W, e W .

Since W_is a 7, open refinement of V', the;exists some U, eV such that
W,cU, . But W,cU, implies W,<U, . This shows that S is 0o -open

refinement of U/ .
Finally, we show that S is of finite order.
Let order of W=n. Let S be any subfamily of S having n+2 members. Then

(Mes Wo)(#) = Ao Wi () =Niyog W, =0=0=0(z) implies A\ W, =0
This shows that order of S is not exceeding n . Hence (X,4,,6,) is a-B finitistic.

Conversely, suppose (X,d,,6,) is a-B finiitistic. We have to show that (X,7,,7,)
is B -finitistic. Let ¢/ ={U,:1e A} be 7, open cover of (X,7,,7,). We shall show
that V={&:U1 eu} is &, open cover of (X,6,,6,). Since U is z, open cover of
X Ual,=X=1 . Now, Ul =1=U,U, (2)=1(x)
Vee X =\ ,,U,(r)=1>a, Vre X. This means that there exits A€ A such that
&(x) >a.

Thus V is &,cr -open cover of (X,6,,8,). Since X is a-B -finitistic, V has a &,

finite order « -open refinement, say ) ={Vt :teA}. It can be easily checked that
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U :{W 1V, € Vl} is a 7, finite order open refinement of 2/ . Hence (X,7,,7,) is B -
finitistic.

Theorem 2.5. Let (X,6,,6,) be a a-B -finitistic fuzzy bitopological space and
(V.6,]y.6,|,) bea B -closed subspace of (X,5,,8,). Then (Y.5,],.6,|,) is a-B-
finitistic.

Proof. Here (X,6,,6,) is a «a-B -finitistic fuzzy bitopological space and
(Y.4]y.6,|y) is B —closed subspace of (X,8,,5,) . We have to show that
(V.6,]y.6,|y) is a-B finitistic. Let & ={U, : 1€ A} be any &,|, e -open cover of
(V.6,]y.6,|y). Then each U, =V;|, , for some V, e 5, where i=1,2. We show

that V={V,:U, =V,|, VU, et} u{y,.} is 5. -open cover of X . LetzeX.
Then zeY orzeY’.

Case I. If ze Y, then there exists some U, e i such that U, (z)> e« . Then clearly
V, eV such that V, (z)=U,(z)>a , where U, =V, |, and V, e{V,:U, =V,]|,,
VU, eU}. Thus V,(z) >« .

Casell. If zeY”’ then y,. €V suchthat y,.(z)=1>«.

Hence V={V,:U, =V,|, VU, eU}U{y, } is 5,a -open cover of (X,6,,5,) in
both the cases.
Since (X,6,,6,) is a-B -finitistic, therefore V has &, finite order o -open

refinement, say 1} ={W, :aze A}. Then clearly ¢4 ={W, |, :W, e }} is &,|, finite

order « -open refinement of ¢/ . Hence (Y,6,|,.5,|,) is a-B finitistic.

Theorem 2.6. Let (X,rl,rz) be a general bitopological space and Y < X . Then
(Y.7,|y .7,y ) is B finitistic if and only if (Y, ¥ (7,)|, . 2 (z,)|y ) is a-B finitistic.

Proof. ~We know that x(7)|, ={z, :Uer],} . Thus by Theorem 2.2
(Y.7,|y .7,y ) is B -finitistic if and only if (Y, 7(7,)|, . 2(z,)|, ) is a-B finitistic.

Remark 2.7. An arbitrary subspace of «-B -finitistic fuzzy bitopological space need
not be «-B -finitistic.

We know that in general topology an arbitrary subspace of a finitistic space need not
be finitistic [4]. Let (X,rl,rz) be a B -finitistic general bitopological space. Let
(Y.7,|y.7,],) be asubspace of (X,7,,7,) which is not B -finitistic. Since (X,7,,7,)

is B -finitistic, by Theorem 2.2 (X, z(7,)|, . 2(7,)|y) is a-B finitistic. Also, by
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Theorem 2.2, (Y,7,|,.,7,|,) is not B finitistic implies (Y, ¥ (7,)|, . #(7,)|,) is not
o-B finitistic.

Example 2.8. Let X be a non-empty set and a€[0,1). Let 8, =6,=6,={Ae
I :A<a}u{l}. Then (X,4,,6,) is a-B finitistic fuzzy bitopological space. For,
clearly (X,a“l,é‘z) is fuzzy bitopological space. Let &/ be any J,« -open cover of
(X,6,,6,). Thenclearly, 12/ (because no subfamily of &, can be a &,&x -open cover
of (X,6,,6,) unless 1etf). Now clearly, V={0,1} is a zero order &, o -open
refinement of &/ . Hence (X,4,,6,) is a-B finitistic.

Theorem 2.9. Every oa-B -compact fuzzy bitopological space is «-B -finitistic.

Proof. Let (X,6,,6,) be a a-B -compact fuzzy bitopological space. We have to
show that it is a-B finitistic. Let ¢/ ={U,: 1€ A} be any &, -open cover of X .
Since (X,6,,8,) is a-B -compact, therefore ¢/ has a &, finite o -subcover say
{v,v,.0,,---,U,}. Then V={0,U,,U,,U,,---,U,} is clearly &, finite order o -open
refinement of &/ . Hence (X,4,,6,) is a-B finitistic.

Definition 2.10. A fuzzy bitopolgoical space (X,d,,6,) is said to be a-B -
paracompact if each &,« -open cover of X hasa &, locally finite ¢ -open refinement.

Theorem 2.11. Every finite dimensional «-B -paracompact fuzzy bitopological
space is a-B -finitistic.

Proof. Let (X ,51,52) be a a-B -paracompact fuzzy bitopological space. We have to
show that it is a-B finitistic. Let ¢/ ={U,: 1€ A} be any &, -open cover of X .

Since (X,6,,8,) is a-B -paracompact, therefore 2/ has a d; locally finite o -subcover,

say V. Also since dimX < and V is locally finite, it follows that V and hence U/
has a &, finite order o -open refinement. Hence (X,6,,6,) is a-B -finitistic.

Remark 2.12. Converse of above Theorem 2.9 is not true.
Consider the following example:

Example. Let X be an infinite set. Let 6, ={y,:UcX} and §,=46,. Then
clearly, (X,6,,6,) is a-B -finitistic space. ~This is because V:{z{r}:xeX} is
clearly o, finite order o -open refinement of every 6, -open cover of X . But
(X,8,,6,) is not a-B -compact because V={Z{I} :xeX} is a J,« -open cover of

(X,8,,6,) which has no &, finite o -subcover.
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Theorem 2.13. If (X,6,,6,) is a a-B -finitistic fuzzy bitopological space, then both
(X.,6,) and (X,6,) are « -finitistic.

Proof. Suppose (X,d,,8,) is an «-B -finitistic fuzzy bitopological space. We have
to show that both (X,4,) and (X,d,) are « -finitistic spaces. Let & ={U,: 1€ A} be
any o -open cover of (X,8,). Then clearly ¢/ ={U,: 1€ A} is 6, o -open cover of
(X,8,,6,). Since (X,6,,6,) is a-B -finitistic fuzzy bitopological space, therefore ¢/
has a ¢, finite order o -open refinement, say V. Again since V is J,c« -open cover of
(X,6,,6,) and (X,6,,6,) is a-B -finitistic, therefore V' has a &, finite order o -open
refinement, say ¢4,. Then clearly ¢/ is a finite order « -open refinement of ¢/ . Hence
(X,6,) is o finitistic. Similarly we can show that (X,d,) is e -finitistic.

Remark 2.14. Converse of above theorem is not true.
See the following example:

Example. Let X ={a,b} be a set having two elements. Let & ={0,1} and
S, :{Q,Z{a},;{{b},;}. Then clearly both (X,d,) and (X,6,) are « -finitistic fuzzy
topological spaces. But (X,6,,8,) is not a-B -finitistic because {g{a},g{b}} is &, a-

open cover of (X,8,,6,) which has no &, finite order o -open refinement.

Definition 2.15. A fuzzy bitopological space (X,6l,62) is said to be « -finitistic if
each J,c -open cover of X hasa d; finite order o -open refinement.

Theorem 2.16. Let (X,51,52) be a fuzzy bitopological space, where X is a finite set.
Then (X,48,,6,) is o -finitistic.

Proof. Let (X,d,,8,) be any fuzzy bitopological space. Let & ={U,: 1€ A} be a
&,a -open cover of (X,6,,6,). Since X is finite, we can write, X ={n;,n,,---,n,}.
Since U is S, -open cover of (X,8,,8,), there exists some U, €U such that
U, (n)>a, Vi=12,--,k. Then clearly, V:{Q,U%,U@,---,Uﬂ”} is &, finite order

o -open refinement of ¢/ . Hence (X,6,,8,) is « finitistic.

Remark 2.17. If X is finite, then (X,6,,8,) need not be -B finitistic.

Example. Let X ={a,b}. Let 5,={0,1} and &,={0, 7). 7,1} - Then (X,4,,5,) is

not - B -finitisitc. This is because {z{a},z{b}} is 8,0 -open cover of (X,6,,8,) which

has no ¢, finite order « -open refinement.
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Remark 2.18. An « -finitistic fuzzy bitopological space need not be «-B -finitistic.

Consider the following example:

Example. Let X ={a,b} be a set having two elements. Let & ={0,1} and
0, = {Q, Z{a},z{b},;}. Then clearly (X,48,,6,) is a fuzzy bitopological space. It is clear
that every &, (or &,) open cover of (X,8,,6,) has &, (or &,) finite order open
refinement. Hence (X,6,,6,) is « finitistic. But (X,6,,6,) is not o-B -finitistic
because {z{a},g{b}} is &, -open cover of (X,6,,8,) which has no &, finite order o -

open refinement.

Remark 2.19. An «-B -finitistic fuzzy bitopological space need not be ¢« -finitistic.

Definition 2.20. A fuzzy bitopological space (X,51,52) is said to be B -finitistic if
each o, open cover of X hasa ¢; finite order open refinement.

Remark 2.21. An «-B -finitistic fuzzy bitopological space need not be B -finitistic.

Consider the following example:

Example. Let X be an infinite set. Let 6, ={y,:Uc X} and §,=46,. Then
clearly, (X,a“l,é‘z) is a fuzzy bitopological space. Since V = {;({I} ‘xe X} is o, finite
order ¢ -open refinement of every &,« -open cover of X , it follows that (X,4,,6,) is
o-B finitistic space. But (X,6,,6,) is not B -finitistic because the &, open cover

V= {;({I} e X} of (X,6,,6,) which hasno &, finite order open refinement.

Theorem 2.22. Let (X,6l,62) be an a-B -finitistic fuzzy bitopological space where
either of o, or o, is discrete fuzzy topology on X . Then ¢, =,.

Proof. Proof is easy and hence is omitted.

Definition 2.23. Let (X,7,7,) and (Y,7,,7,) be two bitopological spaces. A
function f:(X,7,,7,) > (Y,7,,7,) is said to be «-B -continuous if inverse image of
every 7,or -open subset of Y is 7,o -open subset of X and inverse image of every
7,0 -open subset of Y is 7, -open subset of X .

Definition 2.24. Let (X,7,,7,) an (Y,7,,7,) be two bitopological spaces. A
function f:(X,7,,7,) > (Y,7;,7,) is said to be o-B -homeomorphism if both f and

f are a-B -continuous.
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Remark 2.25. An o-B -continuous image of o-B -finitistic fuzzy bitopological
space need not be a-B -finitistic.
Consider the following example:

Example. Let X ={a,b} be a set having two elements. Let &, :{Q, Z{a},g{b},;}
and 8, ={0,1}. Then clearly both &, and &, are fuzzy topologies on X . Then
(X,6,,6,) and (X,6,,6,) are fuzzy bitopological spaces. Here (X,6,,8,) is a-B -
finitistic but (X,4,,8,) is not a-B finitistic because {;({a},;({b}} is o,« -open cover of
X which has no &, finite order « -open refinement. Let I:X — X be the identity
function. Then I:(X,4,,6,) —(X,8,,6,) is a-B -continuous. It means (X,d,,6,) is
a-B -continuous image of (X,4,,6,) . Hence (X,6,,6,) is a-B -finitistic but
(X,6,,8,) isnot o-B finitistic.

Remark 2.26. «-B -continuous inverse image of «-B -finitistic fuzzy bitopological
space need not be ¢-B -finitistic.
See the following example.

Example. Let X ={a,b}, § ={Q,g{a},l} and &, ={g,z{a},1{b},l} . Then
(X,51,52) is a fuzzy bitopological space. But it is not o-B finitistic. Let Y ={z,y},
J, ={Q,;({T},;} and &, ={Q,;{{y},;}. Then (Y,6;,6,) is a fuzzy bitopological space
and it is @-B -finitistic. Define f: X —>Y as f(a)=x and f(b)=y. Then clearly
f1(X,6,,6,)>(Y,6,,6,) is a-B -continuous. Here (Y,6,,6,) is a-B -finitistic but
(X,6,,6,) which is &-B -continuous inverse image of (Y, 8,,8,) is not «-B finitistic.

Theorem 2.27. «-B -Homeomorphic image of «-B -finitistic fuzzy bitopological
space is a-B -finitistic.

Proof. Let f:(X,6,,6,) > (Y,8;.6,) be an o-B -homeomorphism. Suppose that
(X,6,,6,) is «-B -finitistic fuzzy bitopological space. We have to show that
(Y,6,,6,) is a-B -finitistic. Let U ={U,:1e A} be any J,or -open cover of Y .
Since f:(X,8,,6,) > (T.6,,6,) is a-B -continuous, therefore each U,f is 8, o -
open subset of X . We shall show that V={U,f:U, e} is &,c -open cover of X .
For this let ze X. Then f(z)eY . Since U is dor-open cover of Y, there exists
U, €U such that U, (f(z))>a. But U,(f(z))>a= (U,f)(z)>ea. This shows
that V is J, -open cover of X . Since (X,51,52) is «a-B -finitistic fuzzy
bitopological space, therefore V has ¢, finite order ¢ -open refinement say 3. We
now claim that { ={Wf’l :Wevl} is a J, finite order « -open refinement of U/ .
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Since f:(Y,6,,6,) > (X,8,,6,) is a-B -continuous, therefore, Wf™ is §, fuzzy
open subset of (Y,d;,8,). Also, let yeY . Then there exists e X such that
y=f(z). Since f is bijective, therefore y = f(x) implies z = f(y).

Since ze X and ) is a &,& -open cover of (X,6,,8,), there exists some W e )]
such that W (z) > ar . But W(z)>a =W (f™(y))>a=(Wf)(y)>a.

This implies that 4, is &, o -open cover of (Y,4,,6,).

We now show that ¢4 refines U/ .

Let Wf™"el. Then We). Since ) refines V', there exists some U, € V such
that W<U,. But W<U, implies Wf™* <U,f™". This implies that ¢/ refines ¢/ .
Since U is of finite order, it is easy to check that order of ¢/ is also finite. This proves
that U, = {Wj”1 We vl} isa d, finite order o -open refinement of U/ .

Similarly we can show that each §, o -open cover of Y has a J, finite order o -
open refinement. Hence (Y,4,,6,) is a-B finitistic.

Definition 2.28. A fuzzy topological space (X,d) is said to be weakly induced if for
al Ued and ael, U, e[d].

Definition 2.29. A fuzzy bitopological space (X,d,,d,) is said to be weakly induced
if both the fuzzy topological spaces (X,6;) and (X,&,) are weakly induced.

Theorem 2.30. Let (X,§l,§2) be a weakly induced fuzzy bitopological space. Then
(X.,6,,8,) is a-B -finitistic if and only if (X,[4,],[8,]) is B -finitistic.

Proof. Suppose (X,§1,§2) is a a-B -finitistic weakly induced fuzzy bitopological
pace. We have to show that (X,[4,],[6,]) is B -finitistic. Let &/ ={U, : 1€ A} be any
[6,] open cover of (X,[5,],[5,]). We show that V={y, :U, et} is a &, -open
cover of (X,6,,6,). By defineition of [5,], each g, €, for each U, €[5,]. Let
zeX. Since U={U,:1eA} is a [5,] open cover of (X,[5,],[5,]). there exists
some U, e such that zeU,. But zeU, =y, (z)=1>a= g, (z)>a. This
implies that V :{Zo; U, e u} is a &, -open cover of (X,6,,6,). Since (X,d,,6,)
is a-B -finitistic, therefore V has a o, finite order o -open refinement say
Y ={W,:teA}. We show that ¥, ={(VK)(0) W, e Vl} is a [ &, ] finite order open
refinement of 2/ . Since (X,4,,6,) is weakly induced, therefore each (17, ), €[5, ].
Let ze X. Suppose ¢ (W,), , forall (W,), €. Then W, (z)=0 forall W, ).
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But W, (z)=0 for all W, eV ={W,:teA} is not a &, -open cover (X,6,,6,) .

This is a contradiction. ~Hence xe(W,), for some (W), € . It means

(0)
{0, ) [ e cover o () 5] L ),
TE (VV,)

)eul. Let

o Then ¥ (z)>0. Since )] is a refinement of V', there exists some y,,

€V such that W, <y, . But W (z)>0 and W, <y, =y, (v)=1=2eU, =

(W,),, <U, . This implies that ¢/, is refinement of ¢/ . Now we show that order of 24,

(0)

is finite. Here order of ) is finite. Let order of 1) =n. Let {(Wl) W,) (W3)

<0)'( <o>'( (0"

(WM)(O)} be any subfamily of 24, having n+2 elements. We show that (V%*(W,),
#0. Let N3(W, )(0);& 0. Then there exists some ze (**(W,)

=ze(W)

©° But ze m?zlz(m )(0)

o for all i=123-n+2=W(x)>0 for all i=123-n+2=

NE (W) (z) > 0= A2 (W, )(z) # 0. This implies that order of )} is exceeding n .

This is a contradiction. Hence order of ¢/ is not exceeding n . It means order of 4, is
finite. This proves that I is a [6,] finite order open refinement of ¢/ . Hence

(X.[6,].[8,]) is B finitistic.
Conversely, suppose (X,[5,].[5,]) is B -finitistic. We have to show that (X,5,,6,)
is o-B finitistic. Let ¢/ ={U, : 1< A} be a &, -open cover of (X,5,,6,). We shall

show that V:{(Ul)w) U, el/{} is 5, open cover of (X,[8,],[6,]). Since U is S -

open cover of (X,8,,6,), for every z e X, there exists U, e i such that U, (z) >« .

Now, U, (z)>a =z e(U,;) . Thus for every z e X, there exists (U,) )€V such

(@) (@

that ze(U,) . Hence V is &, open cover of (X,[5,].[5,]). Since (X,[6,].[8,]) is

()
B finitistic, 1 has a & finite order open refinement, say W ={V,: e A, }. Let v

be the union of all those members of 1} which are subsets of (U,) Then clearly,

W={V/:AeA} is a &, open refinement of V and order of 1(/1) is finite. Let
U = {Zw Ve Vl’}. We show that U4 is J,a -open cover of (X,6,,6,). For this, let
zeX. Since )}’ is a &, open cover of (X,[5,],[5,]), there exists V; e )}’ such that
reV]. ButzeV,=>ze (Ui)(&) =>U,(z)>a. Also, zeV;= g, =1. Therefore,
(;gw)(a:):;gw (x)AU,(z)>1ara=a . This shows that U4 is §,a -open cover of
(X,6,,68,). Clearly, U, is o -open refinement of ¢/ . Since )}’ is of finite order, we
can assume that order of 1’=n (say). Then it is easy to show that order of { is not
exceeding n . Hence (X,d,,6,) is o-B finitistic.
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Theorem 2.31. Let (X,7,,7,) be a general bitopological space. Then (X,z,,7,) is
B -finitistic if and only if (X,w(7,),@(t,)) is a-B finitistic, where @ is the Lowen
functor.

Proof. We know that (X,w(7,),(t,)) is weakly induced fuzzy bitopological space
and [(7,)]=17,, for i=1,2. By above Theorem 2.30, (X,7,,7,) is B -finitistic if and
only if (X,w(z,),w(z,)) is B -finitistic.

Theorem 2.32. A fuzzy bitopological space (X,51,52) is a-B -finitistic if and only if
(X.1,(8,).1,(6,)) is B finitistic.

"o

Proof. We know that ¢, (6,) = {U(a) Ue 5,} fori=12.

Suppose (X,6,,6,) is a-B finitistic. We shall show that (X1, (6,).z, (6,)) is B -
finitistic. For this, let &/ ={U, : 1€ A} be any &, open cover of (X1, ()., (5,)).
Then for each U, e U , there exists V, € &, such that U, = (V, )(a). We shall show that
v:{vl U, =(V,), eu} is a d, -open cover of (X,6,,6,). For this, let xe X .
Since ¢/ is &, open cover of (X,1,(6,).1,(5,)). there exists U, e U such that z e U, .
Now, zelU, = xe (Vl)(a) =V, (z)>a. Thus for ze X, there exists V, € V such
that V, (z)>a . Hence V is S, -open cover of X . Since (X,8,,6,) is a-B -

finitistic, V' has &, finite order o -open refinement, say \ :{Wﬁ :ﬂeAl}. Then

clearly, U :{(Wﬂ) ):Wﬁ evl} is 0, finite order open refinement of ¢/ . Hence

(o
(X.1,(8,).1,(6,)) is B finitistic.
Conversely, suppose (X,z,(6,).z,(6,)) is B finitistic. We have to show that
(X,6,,6,) is a-B finitistic. Let & ={U,:AeA} be any &« -open cover of

X,0,,0,). It is easy to show that V={(U :U,elU; is a o, open cover of
112 A ) A i

(o
(X1, (6,).1,(6,)) . Since (X,1,(8,).1,(8,)) is B finitistic, V has a &, finite order
open refinement, say )] = {(Wﬁ )(a) Be Al}. Then clearly, U, = {Wﬁ (W )(a) € Vl} is

a &, finite order ¢ -open refinement of ¢/ . Hence (X,6,,6,) is a-B finitistic.

Theorem 2.33. Let (X,d,,4) and (Y,8,, u4,) be two a-B -finitistic bitopological
spaces. Then (XUY,8,®6,, 14 ® u,) is a-B -finitistic.
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Proof. Suppose (X,d,, 1) and (Y,6,,4,) are two a-B -finitistic bitopological
spaces. We have tow show that (X UY,8, ®6,, 14, ® u,) is a-B finitistic. For this, let
U={U,:AeA} be a §,®5, o -open cover of (XUY,5,®8, 1,®,). Then
clearly, U|, ={U,|:U, e} and u|y:{U4|Y U, eU} are &, and 5, a -open
covers of (X,d,4) and (Y,6,,4,) , respectively. Since both (X,d,4) and
(Y,6,,1,) are a-B finiitistic, therefore, 24|, and U|, have g and g, finite order
o -open refinements, say V; and ), , respectively. Define B, =V, on X&R,, =0 on
Y and S, =W, on Y &S, =0o0n X,where V, €V, and W, e ).

Then clearly, the family of all R, ’s and S,’s defined above is a g @ u, finite order
o -open refinement of ¢/ . Hence (X UY,68,®6,, 4, ® 1, ) is a-B finitiistic.

Theorem 2.34. Let {(X,,5,,4,):te T} be a family of fuzzy bitopological spaces
such that (X,®,.,.6,,®,., 4,) is a-B finitistic, where X =U,_, X, . Then (X,,8,,4,)
is o-B finitisitc, Vte T .

Proof. Here, X =U,.; X, , where X, s are disjoint. Suppose (X,®,.,5,,®,.; 4,) is
a-B finitistic. Let &, ={U, : e A} beany ®,_, J,a -open cover of (X,,5,).

For all, U, e U, , we define R, =U, on X, and R, =1 on X -X,. Then clearly
U , the family of all R, ’s is 6, -open cover of (X,®,.,.6, @, 4 ). Since
(X,®,.:6,,®,.,1,) is a-B -finitistic, therefore, ¢/ has a ®,_; 4, finite order o -open
refinement, say V={V,:B8eA;}. Then clearly, ) = {Vﬁ

x Vp eV} is u, finite

order ¢ -open refinement of 2/, . Hence (X,,d,, 4,) is a-B -finitistic, Vte T .

Theorem 2.35. The sum space (X UY,6,®8,, 14, ® u,) is o-B finitistic if and only
if (X,6,,44) and (Y,6,,4,) are a-B finitistic.

Proof. It follows from Theorem 2.33 and 2.34.

Theorem 2.36. A fuzzy bitopological space (X,4,,8,) is a-B -finitistic if and only if
each &, basic « -open cover of (X,6,,6,) hasa &, finite order o -open refinement.

Proof. First suppose that each &, basic ¢ -open cover of (X,6,,8,) has a &, finite
order ¢ -open refinement. We shall show that (X,6,,8,) is a-B -finitistic. For this, let
U be any &« -open cover of (X,6,,6,). Foreach U, el , let A, be the family of all
the basic « -open subsets of (X,d;,8,) whose join is U,. Let V be the union of all
these families 4, ’s. then clearly, V' is a basic « -open cover of (X,4,,6,). By the
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given condition, V' has a J; finite order o -open refinement, say 1}. Then clearly, )
isa ¢, finite order o -open refinement of ¢/ . Hence (X,6,,8,) is o-B -finitistic.
Converse is trivial.
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